ASYMPTOTIC HARMONIC ANALYSIS ON THE SPACE OF SQUARE 

COMPLEX MATRICES 
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Abstract. In this paper, wc determine the spherical functions of positive type on the space 
Voo = M(oo, C) relatively to the action of the product group Kao = £/(oo) X U (oo). The space 
Voo is the inductive limit of the spaces of square complex matrices V n = M(n,C). The group 
Koa is the inductive limit of the product groups K n = U(n) X U(n), where U(n) is the unitary 
group. 



1. Introduction 

The work that we present here take place within the framework of the infinite dimensional 
harmonic analysis on the spherical pairs. We consider in this article the spherical pair (Goo, Koc), 
which is the inductive limit of the sequence of Gelfand pairs (G„, K n ): 

G n = K n k V n , K n = U(n) x U(n), V n = M(n, C), 

Goo = A'oo X Voo, Koo = U(oo) x [/(oo). 
Here Voo = M(oo, C) is the space of infinite complex matrices having only a finite number of 
non-zero entries, and [/(oo) is the group of the infinite unitary matrices (M y ) with complex 
coefficients such that Uij = Sij for i + j large enough. 

Let ?P be the set of i^oo-biinvariant continuous functions of positive type on Goo satisfying 
<p(Q) = 1. We are interested in the determination of the extreme points ip of this convex set which 
are indeed the spherical functions of postif type relatively to the pair (Goo, -Koo)- The group Goo 
is equipped with the inductive limit topology. The subgroup Koc is closed. The homogeneous 
space Goo/Koo is the vector space 

oo 

Voo = (J V„. 

n=l 

The law of the inductive limit group Goo = x Voo is given by : 

(u, x)(v, y) = ((uiUi, u 2 v 2 ), x + uiyul), 

where 

u = (ui,u 2 ), v = {v u v 2 ) S K x and x, y <E V^. 
A function ip on Goo which is right invariant under Koc does not depend on the variable u S . 
Therefore it is possible to see it like a function on Voo : 
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Moreover, if the function ip is i^oo-biinvariant then the function ipo which is defined on Voo is 
^oo-invariant, or J7(oo)-biinvariant. Also, the function ip is of positive type on G M if and only 
if the function <po is of positive type. Let us note by Doo the subspace of diagonal matrices in 
Voq. An element of can be decomposed as diag(ai, 02, . . . ), with a±, a^, • ■ ■ G R and dj = 
for j large enough. Any matrix x G Voo can be diagonalised as 

x = u diag(ai , 02 , . . . ) v* (u,v € U (00)) . 

Consequently, any Ji'oo-invariant function on Voo is uniquely determined by its restriction to the 
subset Doo- 

For a number of spherical pairs, the spherical functions of positive type (the extreme points 
of have been determined. One can quote, for example, the work of Schoenberg [TJ] on R(°°) 
and those of G. Olshanski and A. Vershik 10J on the space Herm(oo, C) of infinite dimensional 
Hermitian matrices. In these cases and others the spherical functions of positive type are ob- 
tained as limits of the ones of classical Gelfand pairs. In our situation, we obtain the spherical 
functions in this way. The principal result of this article is the following theorem : 

Theorem. The spherical functions of positive type ip on Voo, which arc [/(oo)-biinvariant and 
satisfying ip(0) = 1, are given by : 

</?(diag(a, . ..,£„, 0, ...)) = n( w , £i) . . . n(w, £„), 

where 

00 1 

n( w ,A) ■■--- hx2 U T -r- r ^ 

fe=l 1+ 4 Q * A 

with 

00 

u> = (a, 7), 7 G R+, afc G R+ and afe < 00. 

fe=i 



2. Spherical functions of positive type on (G n ,K n ) 

In this section, we will determine the spherical functions of positive type relatively to the pair 
(G n ,K n ). An explicit formula of these functions was established for the first time in 0. It was 
also done in [9] by a method using the Abel transform. It was also obtained in p], by means of 
a contraction, starting from the spherical functions on SU(n,n) / S (U(n) x U(n)). The method 
that we use here is similar to the one used by J. Faraut in [5] for the case of finite dimensional 
Hermitian matrices. This gives a simple and new proof of the result. 

We consider the space V n of complex matrices on which the group K n acts as follows : 

T{k) : x i — > k.x = uxv* (u, v £ U(n)). 
Every matrix x 6 V„ admits a polar decomposition 

x = u diag(Ai, . . . , A n ) v* , u,v <E U (n), Xj G R. 
Hence any function / which is A'„-invariant on V n depends only on A = diag(Ai, . . . , A„) : 

f(x) = F(X 1 ,...,X n ), 

where F is a function defined on R", invariant under 6 n k { — 1, l} n . 
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Let us consider on V n the Euclidean structure defined by (x,y) = 9le tr(xy*). The laplacian 
associated to this structure is : 

A / d 2 d 2 \ A / s 2 d 2 



E 



^(Jmxjfe) 2 d{3xax kj f 



The laplacian is invariant under the action of K n in the following sense: if / is a function of 
class ^ 2 , then 

A/(T(fc)) =A(/(T(fc))) (fceif n ). 

Let / be a function of class ^ on which is invariant under the action of -K„: 

f(uxv*)=f(x) {k = (u,v) & K n ). 

The function A/ is also invariant under K n . This leads to the introduction of the operator L 
defined by : 

Af(x) = LF(X 1 ,...,X n ). 
The operator L is called the radial part of the laplacian. 

Proposition 1. (i) Let f be a K n -invariant function of class c € 2 . Then 

Af(x)=LF(X 1 ,...,X n ), 

where 

A / d 2 F 1 /dF dF\ 

~ 4f v ox 2 + XidxJ + ^ Xi - Xj { dXi ~ dx 3 ) 

+ ^ A, + A,- V£A~ + 9A~J' 

1<J J J 

(ii) Tfte 'preceding formula can also be written as 
where D is given by 

D(X) = U(X 2 -X 2 ). 

i<j 

In order to prove the preceding proposition, we will use the following result (see [6], Lemma 
IX-2.2) : 

Lemma : Let f be a function of class on an open set % of a finite dimensional real 
vector space "V . Let stf be an endomorphism of Y , a G "V . Let e > be such that, for \t\ < e, 
expt^.a £ . We assume that, for \t\ < e, 

f(expt£/.a) = /(a). 

Then 

(Df) a ( £ f.a) = Q, 
(D 2 f) a {*f. a, a) + (Df) a (^ 2 .a) = 0. 



Proof of Proposition [H Let % be an open set in V n and srf the endomorphism of V n denned 
by : sd ' . a = Xa + aY* where X, Y G V n . If the matrices X, Y are skcwHermitian, then for every 
t£R, the matrices exptX, exptY are unitary and, for every a € 

f(cxptXacxptY*) =f(a). 
We deduce from ([§], lemma IX-2.2) that 

(Df) a (Xa + aY*) = 0, 
(D 2 f) a (Xa + aY*, Xa + aY*) + (Df) a (x 2 a + 2XaY* + a (Y*f) = 0. 



(a) Let us put X = Y = Ej k — E k3 (j ^= k), a = diag(ai, . . . , a n ). We obtain 

Xa + aY* = (a k - a 3 ) {E jk + E kj ) , 
X 2 a + 2XaY* + a (Y* f = 2 (a k - a,) (E n - E kk ) , 

and hence 

(a* - a,) 2 (D 2 f) a (E jk + E kjl E jk + E kj ) + 2(a k - a 3 ) (Df) a (E n - E kk ) = 0, 

where 

d 2 f M , d 2 f 2 / df df 



d{V\tx 3k ) 2 d(V\zx k] f {a 3 ~a k ) \d^lKex 33 y d(9\ex kk ) 

(b) Let us put X = i (E jk + E kj ) et Y = -X. We get 

Xa + aY* = (dj + Ofc) (iE jk + iE kj ) , 
X 2 a + 2XaY* + a (Y*f = -2 (a 3 + a k ) {E Sj + E kk ) , 

and hence 

( aj + a k f {D 2 f) a (iE jk + iE k3l iE 3k + iE k3 ) - 2 (a 3 + a k ) (Df) a (E 33 + E kk ) = 0, 

where 

d 2 f M , d 2 f 2 ( df df 



d(3mx 3k f y d{3mx k3 f (a 3 + a k ) \d{fRt Xjj y d(<Rcx kk ) 

(c) Let us put X = iEjj and Y = —X. We obtain 

Xa + aY* = i 2a 3 E 33 , 
X 2 a + 2XaY* + a (Y*) 2 = -Aa 3 E 33 , 



and hence 

1"T {D 2 f) a {iE jh iEjj) - \a, (D/) (E 33 ) = 0, 

where 

d 2 f , v_ 1 df 
d(3m Xjj ) 2W a 3 d(9lcx 33 ) [a) - 



Finally, 

d 2 f . , d 2 F 
77(a) = 77, 

d 2 f 1 dF 



d(^x jk f [a)+ d(X*x kj ) 2W (X j -X k )\dX j [a) dX k 



d 2 f ... d 2 f _2 (dF dF 



a(Jma! ifc ) apron*,-) 2 ' (Aj+Afc) V^V 

This proves (i). In order to prove (ii), we have to use the formula : 
A (DF) = A F + 2(V 0J D| V F) + A(D), 
where Ao is the laplacian and Vo the gradiant on K™. The polynomial D is harmonic and 

y 1^ = 0. 

f-f A, <9A, 
3=1 J J 

We can then conclude that 



£> ^ A, <9A 7 

.7=1 J J 



3=1 



Since 



lv .D = VologlJ'|=^ ^ \ (ej-e k ) + y - * (e,- + e fe ), 
^ ,<* A J ~ A ' v ,•<* A -' + Afc 



where (ei, . . . , e n ) is the canonical basis of R™, we obtain 

1 /V7 nlT7 v-^ 1 (dF dF\ ^ 1 /<9F 
-(VoZ?| V F) - ^ ^— - ^ - ^ J + L, A~TA^ U~ + ^ 

In the preceding Euclidean polar decomposition, the measure m can be written as : 

n 

a(du)a(dv) J] (A 2 - A 2 .) 2 [T A, dA,, 
3<fc 3=1 

where a is the normalized Haar measure of the unitary group U{n). Moreover, one has the 
following integration formula : 

Proposition 2. (see [5], Proposition X.3.4) For every integrable function f on V n 

/ f(x)m{dx) = c n I / f(uXv) a(du)a(dv) TT (A 2 — A 2 ) 2 TT Xj d\j. 

JV n Ju(n)xU(n) Ml j<k fj{ 

c n is the following constant : 

2™7T™ 2 



2 ■ 
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By using the preceding results, the resolution of the Cauchy problem for the heat equation on 
V n leads to the evaluation of the orbital integral J?(x 7 y), which is defined for x, y G V n by 

J r (x,y)= [ [ e* etr ( x "^*)a(d«)a(>). 

Ju(n) Ju(n) 

One can remark that the function ^(x,y) is determined by its restriction to the subspace of 
diagonal matrices because it is invariant under K n : 

J?(uxv*,y) = J?(x,uyv*) = J?{x,y) (u,v G U{n)). 

The Cauchy problem for the heat equation 

U(0,x) = f(x), 

where / is a bounded continuous function on V n , has a unique solution which is 
U(t,x) = —±- w [ e-^-y^f(y)m(dy) (t > 0, x G V n ), 

where N = 2n 2 is the dimension of V n , |||.||| is the Hilbert-Schmidt norm on V n and m is the 
Euclidean measure. 

Let us assume that the function / is invariant under the action of K n . Then the solution U 
will be also if„-invariant. Hence we can write 

f(x) = f (\), U(t,x) = U (t,X). 

By using the Weyl integration formula (Proposition the solution Uo(t, A) is given by: 

~ n 

U (t, A) = / H (t, A, 9)f (9)D(9) J[ 9, d9 3 , 

with 

H (t,X,9) = Cn—^-jr [ [ e-^ x -^^f(y)a(du)a(dv) 

(Airt) 2 Ju(n) JU(n) 

= Cn —L— e -M\W\ 2 +\\o\n f f e^^^) a{du)a{dv) 

(47rf) 2 JU{n) JU(n) 

Theorem 1. If X = diag(Ai, . . . , A„) and 9 = diag(#i, . . . , 9 n ), then 

y(\,9) = T^[l!2! x ... x (n -i)!] 2 _^^det((/ (AA)) 1 < M < )l ), 
where Iq is the modified Bessel function: 

oo 1 



Proof. From the formula that gives the radial part of the laplacian (Proposition [I} one can 
deduce that the function Uq is a solution of the equation 



dt 2 D{\) ^ \dK 2 XidXi 
We put then 

V(t, A) = D(X)U (t, A), 5 (A) = D(X)f (X). 
The function V is in consequence a solution of the Cauchy problem 



d 2 V ^ (d 2 V 1 dV\ 



EC 



dt 2 ^\d\ t 2 XidXj' 

1=1 1 

^(0, A) = 3(A). 

Let us assume that / belongs to the Schwartz space ^(Vn). By a result similar to ([6], Lemme 
X-3.1) one can prove that, for every T > 0, the function V is bounded on [0,T] x K™. 

On the other hand, for n = 1, the preceding problem is equivalent, in cylindrical coordinates, 
to the Cauchy problem for the heat equation on M 2 with / radial. The solution of such a problem 
is expressed using the modified Bcsscl function Iq and it is given by (see [H] , Chapter IX, exercice 
3) : 



e 



(i 



2t 

In consequence we can conclude that the solution of our problem for an arbitrary n is given 

by 

v(t, a) = ^ ^ e -Mm^ %{9) tj /o (M) Bi de . 

As the function g is skewsymmetric this last relation can be written 

nuX) = WrL £ eMliM^)^, 

v ; K + cr£S„ i=\ 

Hence, for every function g(9) = D(9)fo(9), where /o is a symmetric function in 5^(W\_ ), 

n 

H (t,x,e)g(6)l[[e i de i 

i=l 

1 f _ 1 , ||fl||2\ , / /' ,Xi9j 



. r e "A(ii^ 2 +ii^ 2 ). gW det((/ (^)) ) n« 



n\(2t) n 

This proves that the kernel Hq is equal to 

01 ' A ' > n\(2t) n D(X)D(6) \\ o[ 2t > J i^KnJ ' 

We obtain the result by comparing, for t = ^ , the two expressions we obtained for Hq . □ 



For x € V n the orbital measure \i x is defined on V n by 

f(y)^x(dy)= / f{uxv*)a(du)a(dv), 

V n JU(n) JU{n) 

where a is the normalized Haar measure on U(n) and / is a continuous function on V n . The 
Fourier transform of fi x is the following function Jl^ : 

Jv n 

5 metl ^ uxv ^a(du)a(dv) 



e 

U(n) JU(n) 

= S{x,i£). 

The spherical functions of positive type for the Gelfand pair (G n ,K n ) are the functions 
<£x = Mx, (i£ R"), Fourier transforms of the orbital measures fi x . 

Corollary 1. I/a; = diag(xi, . . . ,x n ) and £ = diag(£i, . . .,&»), 

MO :=K(0 = («0 2 ^^-d«t((Jo(x J &)) 1 ^ n ) > 

w/iere 

S = (Si, 8 2 , . ■ ■ , S n ) := (n - 1, n - 2, . . . , 0), 
5! = £1! x • • • x S n \, 

and Jq is the classical Bessel function. 



3. MULTIPLICATIVITY PROPERTY OF SPHERICAL FUNCTIONS 

A spherical function, for the spherical pair (Goo> -^oo)j is a continuous function tp on Goo 
satisfying 

lim / tp(xky)dk = tp(x)tp(y), 

n^oc J Kn 

where dk is the normalized Haar measure of the product group K n = U(n) x U(n) (see [1], 
Theorem 5.1). In our case, the function tp can be seen as a function on Voo and hence 



lim / tp(x + k 1 yk2)a n (dki)a n (dk 2 ) = tp(x)tp(y), 

n ^°° Ju(n)xU(n) 

where a n is the normalized Haar measure of the unitary group U(n). 

Theorem 2. (The multiplicativity property) Let tp 6 The function ip is spherical, if and 
only if, there exists a continuous function <!> on R, with $(0) = 1 such that 

y>(diag(ai, . . . , a„, 0, . . . )) = $(ai) . . . $(a„). 



Let us put, for m < n, 

K m (n) = 

and 



I m 
v 



v G U(n — m) >~ U(n — m), 



K m {oo) = |J iT ro (n) C U(oo). 



n=l 



Also, let us put 



K{m, n) 



u 
v 



u G U(m), v G f/(n — m) >C U(n). 



We introduce in addition, for ri > 2m, a Cartan subgroup for the symmetric pair (U (n), K(m, n)J : 
/ cos Q\ — sin 0i \ 



a(9) 



cos 0„ 



sin <L 



sm(/i 



COSf^i 



sin 9 m cos 9 m 

\ In-2rn / 

Hence, for every k G K(n), 

k = h\a{9)h 2 , 

with h = (hi,h 2 ) G K(m,n) x K(m,n) =: K 2 (m,n), and the Weyl integration formula that 
corresponds to this last decomposition is given, for every intcgrablc function / on U(n) x U(n), 
by 



E7(n)xC7(n) 



/(fci, k 2 ) a n {dk 1 )a n (dk 2 ) 



f f f(h 1 a(9)h 2 ,gia{Qg 2 )K{dh)K(dg)D mtn (e)D m , n {0dedC, 

,ir] m x[0,7r] m JK 2 (m,n) JK 2 (m,n) 



where n = (3 ® f3 and /3 is the standardized Haar measure of K(m, n), and 

m 

M) = c '«.«| II ( sin ^ + ?J')) 2 ( sin (0i - j)) 2 II (sm20 ? )(sin( 

l<z<j<m i— 1 

where c m „ is a constant such that 



,2(n-2m) 



/ D m , n (0)d0i...0 TO = l. 

J\Q,ir\ m 



Proposition 3. Let f be a continuous function on K x which is K m (oo) x K m (oo)- invariant. 
Then 



lim 



f(ki, k 2 ) a n (dki)a n (dk 2 ) 



U(n)xU(n) 



f{hiw rn h 2 , giw m g 2 ) a m (dhi)a m (dh 2 )a m {dgi)a m (dg 2 ), 



where 



IT 7T 

w m = o(-,...,-) 
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Lemma 1. Let X be a compact topological space and fi a positive measure on X such that for 
every non-null open set B we have /i(-B) > 0. Let 8 be a continuous positive function on X, 
which reaches its maximum at a unique point xq . Let us put 



1 

Cn Jx 

Then, if f is a continuous function on X x X, 



5{x) n fi(dx). 



!im 4 / f(x,y)6(x) n S(y) n n(dx)n(dy) = f(x ,x ). 



XxX 



Proof. Wc apply Lemma 5.4 in [4] to the function 8(x,y) = 8(x)S(y). □ 

By using Lemma[TJ for every fixed to, and for every continuous function / on [0, ir] m x [0, 7r] m , 

' 7T 7T 7T 7T N 



lim 

n — >oc 



f(0, ODmA0)Dm,n(Od6d( = /(?-,. 
[0,ir]">x[0,ir] m V ^ 



Proof of Proposition [3J 

By using the integration formula and the invariance under K m (oo) x K m (oo), we obtain 



with 



f{k 1 ,k 2 )a n {dk 1 )a n {dk 2 ) = / F(6,OD m , n (6)D m>n (Od6d(, 

U(n)xU(n) J[0,7r] m x[0,7r] m 



F(9, C) =/ / f(h 1 a(9)h 2 , gia(()g 2 ) a m (dh 1 )a m (dh 2 )a m (dg 1 )a m (dg 2 ). 
JK1 JkI 



As a result, by Lemma [T] 



n — >oc 



Jim / /(fci, fc 2 ) a n (dki)a n (dk 2 ) 

' IU{n)xU{n) 

f(hiw m h 2 , giWrng^arnidh^ctrnidh^arnidg^ctrnidg^. □ 



Corollary 2. Let ip be a K^-invariant continuous function on Vrx,. Then, for 
x = diag(ai, . . . , a m , 0, . . . ) and y = diag(&i, . . . , b m , 0, . . . ), 

lim / <p(x + hyk 2 ) a n {dki)a n (dk 2 ) = ip(diag(ai, . . . ,a m ,6i, . . . ,6 m ,0. . .)). 
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Proof. The function (ki, k 2 ) i— > (f(x + kiyk%) is K m (oo) x 7f m (oo)-invariant. Hence, we can 
apply Proposition [3] 



n — >oo 



lim / tp(x + fciyfcj) a n (dki)a n (dk 2 ) 

IU(n)xU(n) 



(p(x + h 1 w m h 2 yg 2 w m g*) a m {dh 1 )a m (dh 2 )a m (dgi)a m (dg 2 ). 

Finally, we obtain the result by using the fact that 

x + hiw m h 2 yg 2 w^ g{ G [/(oc)diag(ai, . . . ,a m , h, . . . ,b m )U(oo). □ 



Proof of Theorem [2j Let ip G If ip is spherical then for 

x = diag(ai, . . . , a m , 0, . . . ), y = diag(&i, . . . , b m , 0, . . . ), 



lim / ip(x + kiyk?,) a n (dki)a n (dk 2 ) = (fi(x)ip(y). 

By Corollary H 

< / 9(diag(ai, . . . ,a m ,0, . . . ))(diag(6i, . . . , 6 m , 0, . . . )) = <^(diag(ai, . . .,a m ,b\,.. . ,6 m ,0, ...))■ 
By applying Corollary [5] many times as necessary, one obtains 

Vj(diag(ai, . . . , a n , 0, . . . )) = $(ai) . . . $(a„), 

where 

$(A) =^(diag(A,0,...)). 
Inversely, let us assume that there exists a continuous function $ on R such that 

V3(diag(ai, . . . , a n , 0, . . . )) = $(ai) . . . $(a„). 

Then, by Corollary H 



n — *oo 



lim / ip(x + k x yk 2 ) a n {dki)a n {dk 2 ) = ip(x)ip(y). 

>U(n)xU(n) 



Hence the function ip is spherical. □ 



4. Modified Polya functions : definition and convergence 



Definition 1. The modified Polya function of parameter ui = (a, 7) with a = {otj}j>i G t (N), 
otj G M + and 7 G K + is defined on 1 by : 



00 -. 



j=1 * T 4 UJ A 2 



We consider on the set V of modified Polya functions the topology of uniform convergence on 
compact sets of R. The topological space V is metrizablc and complete. This topology can be 
expressed in terms of the set of parameters : 

!oo 
u) = (a, 7) a = (oj)j>i, ctj > 0, V^o? < 00, 7 > 
i=i 

For a continuous function / on R, we define the function Lf on O by 

„ 00 
(1) L f (jv) = / f(t)a u (dt) = 7/(0)+5^«i/(«i)- 

Let us remark that the moments of the measure a u are given by 



p 00 

Mo(er w ) = / a u (dt) = 7 + y^ a fc =7 + Pi(q) 
• /b fe=l 



and for m > 1, 

M, 



p OO 

,K) = / fV w (<ft) = = p m+ i(a), 

fc=i 



where p m is the Newton power sum function : for x = (x\, X2, ■ ■ ■) G £ (N) and m > 1, 

00 

k=l 

We consider on f2 the initial topology associated to the functions Lf. A point w G H is seen 
as a point configuration, i.e. a permutation of the numbers 7 does not change lo. For A 

fixed, the function lo h- > n(cj, A) is injective and continuous on Q. This can be seen by looking 
at the logarithmic derivative of n(a;, A) : 

, ^ n (lo, A) 1 , , ... . . / i\ x 2 

(2) n > ' / = -^(7 + Pi O)) A + » ^ p ro (a) ' 

^ ' ' m=2 



Lemma 2. Lei X 6e ifte set of positive measures fi on R+ such that fi ([a, +oo[) G N, /or oiZ 
a > 0. Then, the following properties hold : 

(i) For /it G I, £/iere eiisfc a sequence of positive reals {a>k}k such that 

N 

fe=i 

AT < 00. If N = 00. i/ien i/ie sequence {ctk} converges to 0. 

(ii) Lei [i n be a sequence of measures in I. Assume that there exists a measure /i on W + such 
that, for every function f in the set C°(R5_) of bounded continuous functions on W* + , vanishing 
near 0, 

(3) lim / f(x) Hn(dx) = / f(x) fi(dx). 

n ^°° Jr* + Jr; 

Then \x G I. 
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Proof, (i) For t > 0, let F be the function denned on R+ by F(t) = fi([t, oo[). We can 
observe that F is integer-valued, decreasing, and left-continuous. In consequence, the set D 
of discontinuity points of F is countable : D = {ak, k € I}. Furthermore, we can observe that 
D = { t > | /i ({t}) ^ 0}. We can also remark that the jump at each discontinuity point ak 
is an integer m^. Hence, if the number of discontinuity points N is finite, then the measure 
/i is given by : fi = Y],-, m,kS ak and, provided that we repeat the as many times as their 
multiplicity mk, we get /j, = X^fcLi <W- Finally, if D is not finite, i.e. N — oo, then the sequence 
{ak} converges necessarily to 0. 

(ii) Let F n be the function defined on by F n (t) = [i n ([t, oof), F(t) = \i ([t, oof), and D the 
set of discontinuity points of F. For t G D c fixed, the positive measures fi n and fj, are bounded 
on ft, oof. In addition, we have /i({i}) = /i({oo}) = 0. Furthermore, it follows by that /x n 
converges weakly to fi on ft, oof. As a result 

lim F n (t) = F(t) (teD c ). 

n — >oo 

Since F n (t) is a sequence of integers, it follows that, if t € D c , then F(t) G N. On the other 
hand, because D is countable, its complementary set D c is dense in K_. This implies, since F is 
left-continuous, that F(t) G N for all t > 0. Hence /i G J. □ 



Theorem 3. f2 is weakly closed in the set of bounded measures on R+. 

Proof. Let = (a'°),7<">) be a sequence in f2. Assume that there is a bounded positive 
measure tr on R + such that, for every bounded continuous function / on R + , 

(4) lim 7 (B) /(0)+f>£ n) /(4 n) )= / f(t)a(dt). 

For every a > 0, there is a 
measure /x„ on R+ given by 



k=l 



For every a > 0, there is a finite number of a£ which are greater than a. As a result, the 



i-XJ 

/ /(t) M „(dt) = E/(4 n) ) 
J *+ k=i 



belongs to I. Furthermore, by (01, we can observe that fi n converges weakly on to — , where a 

is the restriction of the measure a to M*,. By (ii) of Lemma 121 there exists a sequence a = {ctk}k 
such that, for every function / G C°(R+), 



,. oo 

lim / f(f)fi n {dt) = V/K). 



V fe=i 

■•on®* 



Since thet set C C (R^) of continuous functions with compact support in R^J_ is included in C b ;(R+), 
it follows that a is given by 



\ a k) 

k=l 

Since the measure a is bounded, Y^ik=i ak ^ 00 ■ Fhially 



fe=l 



with 7 = er({0}). Hence a = with w = (a, 7) G 0. □ 
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A modified Polya function of parameter u> is the Fourier transform of a probability measure 
fiu . Let Win be the set of these measures : 

m n = {^ | n(w,A) = /£(a)}. 

We consider on 2Jln the weak topology of measures. We will prove that the topology defined 
on SI is equivalent to the weak topology of Win ■ We will need the following proposition (see [7] , 
Proposition 3.11) : 

Proposition 4. Let ip n be a sequence of C°° -functions on M. d of positive type with ipn(0) = 1; 
and ip an analytic function on a neighborhood ofO. Assume that, for every a = (ai, . . . , ay), 

lim d a ijj n (Q) =d a ^(0). 

n — >oo 

Then ip has an analytic extension to R d , and ip n converges to ijj uniformly on compact sets in R d . 



Proposition 5. The topology o/Sl is equivalent to the topology of Win- 
Proof, (i) Assume that u^ n ' converges to uj in the topology of SI. Then the modified Polya 
functions H(uj^ n ',X) and H(uj,X) are holomorphic in D(0,R) where — = sup 

-ft m,n 



(n) 



Therefore, 



for every A G D(0, R), their logarithmic derivatives are given by 

v ' ; m=2 v 

n(o;,A) 1. , ,,. . ^ . . ( iX 



. , \ 2m-l 

iX 



[(a;, A) 

For every bounded continuous function / on 

lim / f(t)<r uW (dt) = I f(t)<r u (dt) 



where ct^m is the bounded positive measure on R associated to o/ n ) = (a^- 71 ' ,^ n '). Hence, for 
/ = 1, the sequence + pi(a^) converges. In consequence, there exists a constant A > 
such that, for every n, 

< 7 (Tl) + Pl (a {n) ) < A. 

Therefore, the sequence {afc } is bounded by A for every m and every n. 
Hence, 

supp(cr w („)) C [-A, A] and supp(er w ) C [-A, A]. 
It follows that the sequence of measures cr^w converges to er w for every continuous function on 
R. We can then deduce that, for every m > 2, 

limp m (aW)= lim f t^a^dt) 

t m - 1 a 0J (dt)=p m (a), 



and 

Pm(« (n) ) < (Pi(« (,l) )) m < A" 



Furthermore, we have 

lim 7 (n) +pi{a {n) ) =7+j?i(a). 

n — >oc 

In consequence, 

tf(uW,A) _ n'(w,A) 

n(w("),A) " n(w, A) ' 

the convergence being uniform on compact sets in D(0, R). Hence, for |A| < R, 

lim U(J n) ,X) =II(w,A), 

n — ► oc 

since II(a;W,0) = 1 and II(w,0) = 1. 

The functions H(uj( n \ A) and n(oj, A) being of positive type, by Proposition [H II(a/ n ), A) con- 
verges uniformly on compact sets in R to IT(w, A). Finally, by applying the Levy-Cramer theorem, 
one can prove that (i u {n) converges weakly to 

(ii) Assume that converges weakly to fx u . This implies that II(a/ n ),A) converges uni- 

formly on compact sets in R to H(cj, A). Let Ao > 0. Since the modified Polya function II(a/ n ), A) 
is continuous, non-zero on R and satisfies H(cj( n \ 0) = 1, there exists M > such that, for every 
n, H(uj' n ', Ao) > M. In consequence 

>^ + iA S f;4"'< e ^nfi + i Q <">As)<-i. 



fe=i fe=i 



Therefore 



-2II"( W W 0) =ft(a (n) )+7 W < ^ =: it 



It follows that the function n(o/™),A) is holomorphic for |A| < R and then also in the strip 
Eft = {x + iy | 1 2/ 1 < -R} (see gj, Lemma 6.5). Furthermore, for r < R, there exists a constant 
M(r) > such that |n(u/"\ A)| < M(r) for A G S r . From the theorem of Montcl, it follows that 
there is a subsequence H(uj( nj \ A) which converges uniformly on compact sets in E#. Since the 
sequence itself converges to n(w, A) on R, we get that n(o/ n \ A) converges to IL(uj, A) uniformly 

on compact sets in As a result, the logarithmic derivatives conver g e uniformly in 

a neighborhood of which implies the convergence of the coefficients of their Taylor expansions 
at : 

lim 7 (n) + p 1 (a {n) ) = 7 +pi(a), 



71— >00 



lim p TO (a (n) ) = p m (a), for m > 2. 
This proves that uA n ) converges to to in the topology of Q. □ 

Let us put for every modified Polya function of parameter to = (0,7), 

Pi(u>) = pi(a) +7= 

and, for every i? > 0, 

Hji = {w 6 J] I - 2n"(cj,0) =pi(w) < i?}. 
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Corollary 3. flji is a compact subset offl. 



Proof. Since the modified Polya function is the Fourier transform of a probability measure /j., 
we have 

-n"(w,o) = f t 2 ^{dt). 

We also know that the set of probability measures such that J K t 2 ^(dt) < is relatively 
compact. By using Theorem [3] and Proposition we can conclude that the set H,r is relatively 
compact in 0. Moreover, the convergence of a sequence a/™) to ui in Q implies that p\{uj^ n >) 
converges to pi(u>). Hence, the map to i— > pi(u>) is continuous. In consequence, the set f2 R is 
closed and relatively compact in Q, therefore compact. □ 



5. Convergence of orbital measures and spherical functions 

Let (X, B) be a measurable space on which a group G acts by measurable transformations. Let 
v be a G-invariant probability measure on X. A set E £ B is said to be G-invariant relatively to 
v if, for every g £ G, v((gE)AE) = 0, where A is the symmetric difference. The measure v is said 
to be ergodic relatively to the action of G if, for every E £ B which is G-invariant : v{E) = or 1. 
If X is locally compact and K a compact group acting on X by homeomorphisms, then the er- 
godic measures are exactly the orbital ones. It is the case, if one takes X = V n = M (n, C) and 
K = K n = U(n) x U(ri). 

Let V°° be the space of infinite complex matrices. It is the dual space of Voo ■ The space V°° 
is defined as the projective limit of the sequence V n relatively to the orthogonal projections 

■ V n — » V m (n > m). 

The space V°° can be identified to M.°°. The group acts on it in the same way as on Voo- Let 
SDt be the set of probability measures on V °° which are invariant by . The Fourier transform 
of a measure v in 9JI is the i^oo-invariant function of positive type <p defined on Voo by 

p(0 - / e l{x ^v{dx). 
Jv°° 

The Fourier transform establishes a bijection from 3JI onto *P and also between their correspond- 
ing subsets of extreme points ext(9JT) and ext(*P). A function tp £ *p is spherical if and only if 
the measure v is ergodic. 

Let A^™- 1 be a sequence of diagonal matrices 

A(")=diag(Ai" ) ,...,A(")). 

We associate to it the sequence of orbital measures such that, for every continuous function 
/ on V 00 : 

f f{ X y n \dx)= [ f(u\ (n K*)a n (du)a n {dv). 

JV°° JU(n)xU(n) 
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The Fourier transform ip n of i» is defined on Voo by 

V«(0 = V»(e,A (n) )= / e l< ^^ (n) (^) 



e i(£,«A ( "V> ari (^) a „(d«). 

U(n)xU{n) 

We calculated the preceding integral in Corollary [T] Let us put 

OO -j 

~ £ 2 £ 2 £ 2 

3= (3i,S 2 ,...,S n ,0,...) := (-—,-—,..., --^,0,...), 
A=(Ax,A 2 ,...,A„) := (A^, , . . . , A<«> 2 ). 
For £ = diag(£i, . . . , £„, 0, . . . ), we can rewrite the spherical function tp n as 



dct 

(5) ^ AW) = *(A, 3) = (5!) 2 VV J(A)j ,ff^" 
where 

D(E)=l[(E i -E j ), D(A)=n(A,-A,). 

i<j i<j 

By a result in ([1], section 2.3), we can write (JSJ) as 

(6) <ft.(e,AM)= E (?i^) 2 S -( A ^^- 

mi>--->m„>0 ^ V 

The generating function of the complete symmetric function 

h m (x) = ^ x a 

\a\—m 

is given by : 

oo n 1 

fffot) := E M*)* ro = n TT^- 

m— i=l ^ 

2 

The logarithmic derivative of H(x, — ^-) with respect to i is given by : 

Let r be the algebra of symmetric functions on 

(£(oo) _ 2 2) . . . ) | 2^ e C are zero for £ large enough}. 

The set {s m } where m runs over all partitions is a system of linear generators of T. Furthermore, 
the sets {/i m } m >i and {p m }m>i are systems of generators of T : 

r = C[hi,h 2 , ■■■} = C[pi,p 2 , • ■ ■]■ 
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Let us consider the algebra morphism : 

(8) r - tf(fi), s & 

which is uniquely determined by : 

00 00 

(9) ftH=7 + £aj. p m {u;)=J2 a T (m>2). 

i=i i=i 

The functions p m are continuous on f2. This can be shown by taking in (|T]) / = 1 for m = 1, 
or /O) = i 2m ~ 2 for m > 2. 



Proposition 6. /io/ds that 



H(u>,~)=IL(u>,\). 



Furthermore, the Taylor expansion ofH(uj,X) is : 

°° ~ /A 2 

n( W) A) = 5]Mw) -7 

m=0 ^ 

-Here — — ) is the image of H(., — j-) under the morphism ([8]) and II(cj, A) is t/ie modified 
Polya function. 

Proof. By ©, © and ©, we have 

Since n(cj,0) = 1 and H(uj,0) = 1, the statement follows. □ 

Let us consider now the map 

T n :R n ^il; (Ai, A 2 , . . . , A„) H+a, = ( Q , 7 ) 

given by 

V 2 



7 = 0. 

Theorem 4. Let A< n) £ R" &e a sequence such that the following limit exists for the topology of 
O : 



lim T„(A (I 

n— >oo \ 

Then, for every g G T, homogeneous of degree m, 

^i^(( A(n) ) 2 )^ H - 
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Proof. It is enough to prove the result for g = p m since the Newton power sums generate T. Let 
m = 1, then 

n oo 

i=i 3=1 
By assumption, for every continuous function / on R, 

li-E — / =7/(0) + 5:« fc /( afc ). 

n— too — ' \ n / \ n L — ' 

fc=i \ / V / fc=i 



In particular, by taking / = 1 we get 



^ 2 



lim V ( ^— ) = 7 + V 

n— >oc ^ — ' \ 71 1 ^ — ' 

fe=l \ / fe=l 



Oik, 



lim ipi f(A (n) ) 2 ") =pi(w). 
For m > 2, by taking /(f) = t 2m ~ 2 , one obtains 



Proposition 7. for any w € fl and £1, . . . , e C, it holds that 

e M")*- (-§, ■ • • , -f ) = n n ^ 

m: partitions ^ ' J — 1 

Proof. Recall the Cauchy formula (see [3j, Proposition 2.5) : 

ft; ^ fe 

^S m (xi,X2,...)Sm(2/l,---,2/fe) = nil I _ x . = J]i H ( X >yj)- 

m %=lj=l 3=1 

£ 2 

We apply the morphism (jHJ) to both sides of the preceding equality with yj = The result 

follows by Proposition [U □ 



Theorem 5. As in Theorem^ we assume 

lim T n ( A (n) ) = u. 

Then, for a fixed diagonal matrix £ = diag(£i, . . . , 0, . . . ), the sequence <p n (£, A'"') converges 
uniformly on compact sets in R fe : 

k 

lim Vn«.A (B) ) = TTn(w,^). 

n— »oo A A 

3=1 
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Proof. Consider first k = 1. This case corresponds to a single variable £ = (£, 0, . . . ) and the 
unique non-zero terms in the Schur function expansion are those for which m = (m, 0, ... ,0). 
Hence by ^ we have 



2 \ m 



as n — > oo, 



Since 

(n-1)! 1 
(m + n — 1)! n r 
by Theorem H] 

ton f 7 ft m (AW 2 ) = ft m (o;). 

n->oo y(m + n — 1)! / 

Now by applying Proposition Q] about the convergence of C°°-functions of positive type on ~R d , 



£2 \ m 



we obtain 

oo 

hm <p n (t,\«>) = y^hM 

Finally, by Proposition [HI 

00 ~ / \ 2 \ m 

EM")!—) =n( w> A). 

Now, let us consider the multivariable case £ = (£i, . . . , 0, . . . ) for which k > 1. If mfc + i > 0, 
then s m (£i, . . . , 0, . . . ) = 0. In consequence 

«.«,*«>- e ((^) 2 -(^ ,2 )-(-f -!•»• 

mi>->m t >0 VV ; 7 V 

But, for m fixed, n — > oo. 

<5! 1 

m = mi + m 2 + ■ ■ ■ ■ 



(m + S)\ nl m l' 

Hence by Theorem |4] 



n — >oo 



<5! \ 2 /\,„x2 



lim ( ,„ f HI ) s m ( A<"> ) = s m (o;). 



Similarly, by Proposition [H 

lim p n (£,A< B >) = V s m ( w ) Sm f-f ,...,-f ,0,...V 

m: partitions 

Finally, by Proposition [71 

£ s m M.s m f-f ,...,-|,o,...) = JJn( w> fc). □ 



4' ' 4 

mipartitions v 7 j= 1 



The preceding theorem shows that the limit of a spherical function of positive type on V n is 
a spherical function of positive type on Voo which is given as a finite product of modified Polya 
functions. In order to prove that all spherical functions of positive type on Voo are obtained in 
the same way, we need to prove the converse of Theorem [5] This will be done in Theorem [6] 
using the following lemma : 
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Lemma 3. For every n > 1, let u>^ be the point in Q associated to an orbital measure that 
weakly converges to an ergodic measure v on V°° . If 

(10) sup (pi(a (,i) )) =R< oo, 

then the sequence of parameters u/™' converges in f2. 

Proof. By condition (fTU|) . the sequence a; 1 -™' belongs to the compact set fi/j (see Corollary [31) . 
We can then extract a subsequence (u. ' which converges in f2 to uj = (a, 7). Hence, by 

Theorem the Fourier transform of i/™ fc ) uniformally converges on compact sets : 

lim ^)(diag(£,0,...)) = II(u,,£). 

k — 'oo 

Therefore, the Fourier transform ip of v is identically equal to H(tu, .). 

If another sub-sequence such that uj( nk ) converges in fi to u) , then = H(lu , .). By unique- 
ness, we get oj = (jo , and a/™' do have in consequence a unique accumulation point. Therefore, 
it necessarily converges to □ 



Theorem 6. The spherical functions of positive type on Voo (i.e. the extreme points ofty) are 
the functions tp u defined, for every k > 1, by : 

p w (diag(fi, . . . ,£ fe ,0, . . .)) = H(o;,a) ■ • ■ n(w,&), 
where IL(u>, .) is the modified Polya function associated to u> 6 Q. 



Proof, (a) The function tp^, which is of positive type, is spherical since it is multiplicative 
(Theorem [5]). Therefore, it is an extreme point in ?p. 

(b) Let (p G cxt(*P). It is the Fourier transform of an ergodic measure v on V°° relatively to 
the action of -RToo- By using a theorem due to A. Vershik ([ID], Theorem 3.2), the measure v is 
the weak limit of v^ n \ where 2/"' is a sequence of orbital measures relatively to K n . Hence tp is 
the uniform limit on compact sets of the sequence ip n , where ip n is the Fourier transform of v^ n > . 
In particular we have 



lim 

n — >oo 



Vn (diag (f, 0, . . . ) , A^) = ip (diag (£, 0, . . . )) 





We will prove that wW = T„(A(™)) converges in f2, which gives the converse of Theorem [5] Let 
us suppose now that the condition ([10]) is not satisfied : 

I — I 

There exists a positive sequence e n such that 
lim e„ 

n — >oo 

One can remark that multiplying ( ) 2 by e n is the same as multiplying £ by e„. Hence, by 

Lemma [31 there exists u> G f2 such that : 




lim ^„ (diag (enf, 0, . . . ) , A<»>) - n(w, 0- 



The modified Polya function II (a; , .) is not identically equal to 1, because ui ^ 0. Therefore, 
in a neighborhood D(0, R) of 0, the function H(ui, .) is not identically equal to 1. But this leads 
to a contradiction, because, by our assumption, 

lim ^„ (diag(e„£,0,...),A^) 

= lim V (- , 

n—>oo \n(n + 1) . . . (n + m — 1) 

and then H(oj, .) = 1. Hence, there exists ui £ £1 such that : <p(£) = (fu(£) (£ G D 




Remark. A measurable space is said to be standard if it is isomorphic to a Borel subset in a 
polish space which is equipped with the cr-algebra induced by the Borel one. One can prove that 
the correspondence £7 «-» ext(*}3) is an isomorphism between two standard spaces. This enables 
us to prove a parameterized version of the generalized Bochner theorem (|12j. Theorem 7) : let 
ip be a i^oo-invariant continuous function of positive type on Voo with <p(e) = 1. Then, there 
exists a unique probability measure fi defined on CI such that, for every g £ Voo, 

fig) = \ <Pu(jg) n(dw). 

Jn 
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